It is known that three-dimensional systems with glide symmetry can be characterized by a Z2 topological invariant, and it is expressed in terms of integrals of the Berry curvature. In the present paper, we study the fate of this topological invariant when the inversion symmetry is added. There are two ways to add the inversion symmetry, leading to the space groups No. 13 and No. 14. In the space group 13, we find that the glide-Z2 invariant is expressed solely from the irreducible representations at high-symmetry points in k space. It constitutes the Z2 × Z2 symmetry-based indicator for this space group, together with another Z2 representing the Chern number modulo 2. In the space group 14, we find that the symmetry-based indicator Z2 is given by a combination of the glide-Z2 invariant and the Chern number. Thus, in the space group 14, from the irreducible representations at high-symmetry points we can only know possible combinations of the glide-Z2 invariant and the Chern number, but in order to know each value of these topological numbers, we should calculate integrals of the Berry curvature. Finally, we show that in both cases, the symmetrybased indicator Z4 for inversion symmetric systems leading to the higher-order topological insulators is directly related with the glide-Z2 invariant and the Chern number.
I. INTRODUCTION
Over the decades, important roles of the relations between topology and symmetry in modern condensed matter physics have been recognized by the tour de force works. The trigger to encourage those researches is the discovery of a topological insulator (TI) [1, 2] . TIs which appear in the presence of time-reversal symmetry (TRS) have attracted tremendous attention because of their unique and robust surface properties, and they are characterized by the Z 2 topological invariant, where antiunitariness of the TRS plays a key role. Physicists have focused on the relations between topology and symmetry, and they have classified various topological phases ensured by combinations of internal symmetries, such as TRS, particle-hole symmetry, and chiral symmetry [3] [4] [5] .
Beyond internal symmetries, crystallographic symmetries of crystalline materials, such as spatial inversion, mirror, and rotational symmetries, play a crucial role to understand such topological phases. An introduction of crystallographic symmetries has enriched our knowledge for topological invariants [6, 7] . For instance, the Z 2 topological invariant for the TI has a complicated expression when the inversion symmetry is absent, while it is expressed as a simple formula as a product of parity eigenvalues at time-reversal invariant momenta when the inversion symmetry is preserved [6] . In addition, since the seminal proposal of a topological crystalline insulator (TCI) [8] , whose topological phase is ensured by crystallographic symmetries, various combinations of internal symmetry and crystallographic symmetries have turned out to give an immense list of new topological phases [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In particular, after the materials of the SnTe class are revealed to be mirror-symmetric TCIs as the first material realization for these types of phases, properties of these materials have been studied. Besides symmorphic symmetries, topological phases with nonsymmorphic symmetries have been vigorously discussed . Furthermore, a new class of TCIs hosting gapless boundary states whose dimension is less than d − 1 for a d-dimensional insulating bulk has also been established, dubbed a higher-order TI [44] [45] [46] [47] [48] [49] [50] [51] [52] .
For comprehensive classifications of topological phases protected by a space group (SG), an approach based on the K-theory, which is a mathematical approach for gapped systems, has been adopted [53] [54] [55] [56] [57] . Another approach focusing on the compatibility relation in the band theory to the topological phases protected by SG symmetries has attracted growing research interest [58] [59] [60] [61] , such as topological quantum chemistry and symmetry-based indicators. Particularly, symmetry-based indicators are useful in diagnosing topologically distinct band structure as combinations of irreducible representations at highsymmetry momenta [59] . These approaches focus on different aspects of topological phases. In the K-theory approach, one can comprehensively classify the nontrivial phases, whereas an explicit formula for the topological invariant does not follow immediately from the theory. On the other hand, the symmetry-based indicator can reveal only the topological phases characterized by combinations of irreducible representations. Thus, this theory cannot capture a number of topological phases which cannot be known only from the irreducible representations. Thus even with these powerful tools, one cannot reach a full understanding of the nontrivial topological phases protected by SG symmetries, and there is much room for investigation.
In this paper we focus on the Z 2 topological phases in three dimensions, protected by the glide symmetry. A glide operation is a product of a reflection and a fractional translational operation, and it is nonsymmorphic. The topological invariant is Z 2 , but unlike the Z 2 topo-logical invariant for the TIs, ensured by the anti-unitary property of the time-reversal operation, there is no antiunitary symmetry here. Since the glide symmetry is one of the fundamental symmetries, contained in many SGs, this glide-symmetric TCI phase, ensured by the Z 2 topological invariant, is a fundamental topological phase in many SGs as well. Nonetheless, the formula of the Z 2 topological invariant is quite complicated, and its meaning has been unclear.
In this paper, we study topological phases when the inversion symmetry is introduced in the systems with glide symmetry, to see an intriguing interplay between topology and glide symmetry. Throughout the paper, we consider spinless systems without no internal symmetry, such as TRS, particle-hole symmetry, and chiral symmetry, known as class A, one of the primary classes of the 10 Altland-Zirnbauer symmetry classes [62] . If we add the inversion symmetry to the glide-symmetric system of SG 7, the SG becomes either SG 13 or SG 14. In both the SGs 13 and 14, thanks to the inversion symmetry, we show that the Z 2 topological invariant characterizing glide-symmetric systems can be written in terms of the irreducible representations (irreps) at high-symmetry points in the momentum space. In particular, we find that the Z 2 glide-symmetric TCI is related to a higherorder TI ensured by the inversion symmetry. To verify our scenario, we construct 'layer construction' models proposed in Ref. [63] .
The organization in this paper is the following. In Sec. II, we briefly review general properties of glidesymmetric TCI , together with the results of classifications based on the K-theory and from the symmetrybased indicators. We then derive new Fu-Kane type simplified formulas of the Z 2 topological invariant and establish representative models for the glide-symmetric TCI, for the SG 13 in Sec. III and for the SG 14 in Sec. IV, respectively. We restrict ourselves to bulk-insulating systems throughout the paper.
II. PRELIMINARIES
In the present section, we will review basic properties of the glide-symmetric Z 2 TCI [26, 27] . We start by introducing the Z 2 topological invariant characterizing the glide-symmetric system. We also introduce the previous works on topological phases for the SGs 7, 13, and 14.
A. Z2 topological invariant for glide-symmetric systems
Here we briefly review the TCI ensured by glide symmetry proposed in Refs. [26, 27] . To be concrete, let us begin with a three-dimensional (3D) system invariant under a glide operation
where σ y represents the mirror reflection with respect to the xz plane, andẑ is a unit vector along the z axis. Henceforth, the lengths of the primitive vectors are set to be unity. Then the Bloch Hamiltonian H(k) for the glide-symmetric system satisfies the equation
where G y (k z ) is the k-dependent glide operator representingĜ y . Since the Hamiltonian commutes with the glide operator on glide-invariant planes k y = 0 and k y = π, the Hamiltonian can be block-diagonalized into two blocks which are featured by the eigenvalues of G y (k z ).
As we haveĜ 2 y = {E|ẑ}, the eigenvalues of G y (k z ) are given by
where f = 0 (f = 1) corresponds to spinless (spinful) systems. Therefore, the two branches for those eigenvalues are related to each other, g ± (k z ± 2π) = g ∓ (k z ), and are interchanged when an eigenstate goes across the branch cut. This is a remarkable property of systems with nonsymmorphic symmetries with a fractional translation. One can define the Z 2 topological invariant for such glide-symmetric systems. Although the integral of Berry curvature for each glide sector on the glide-invariant planes can be defined, this quantity is not a quantized topological invariant due to the existence of the branch cut. Instead, a 3D gapped system with the glide symmetry is characterized by the Z 2 topological invariant [26, 27] 
where A, B and C are the integral regions shown in Fig. 1 . We have defined the Berry connections
and the corresponding Berry curvatures
where n is the band index, the summation n∈occ is over the occupied states, and |u ± nk is the Bloch wavefunction belonging to the glide sector with the glide eigenvalue g ± (k z ) = ±i f e −ikz /2 . The Berry phase γ ± (k) along a closed path λ is hence defined as
SG 7 SG 13 SG 14 ′ , respectively. We take the gauge of the wavefunctions to be periodic along the k x direction. Namely, we take the wavefunction to be identical between k x = π and k x = −π throughout the paper.
B. Previous works on topological phases for glide-symmetric systems with and without inversion symmetry
Here we consider what happens to the glide-Z 2 topological invariant, when the inversion symmetry is added. The SG 7 (P c), i.e., the space group with the glide symmetry only, becomes either the SG 13 (P 2/c) or the SG 14 (P 2 1 /c) by adding the inversion symmetry. The difference between the SG 13 and the SG 14 comes from the position of the inversion center; namely, while the inversion center in the SG 13 is within the glide plane, that in the SG 14 is not. The resulting SGs have twofold rotation symmetry in the SG 13 and twofold screw symmetry in the SG 14.
For these three SGs, the K-groups, the classifications of insulators including atomic ones, are known to be Z 2 ×Z 2 (SG 7), Z 8 (SG 13) and Z 6 (SG 14) [56] (Table I ). The symmetry-based indicators, which are defined as the quotients of the K-groups by the abelian groups generated by atomic insulators, are trivial (SG 7), Z 2 ×Z 2 (SG 13) and Z 2 (SG 14) [59] (Table I) . On the other hand, the topological invariants including the integral of Berry curvature on a 2D subspace of the Brillouin zone, which are classified by the E 2,0 ∞ terms in the Atiyah-Hirzebruch spectral sequence, are classified by Z × Z 2 (SG 7), Z (SG 13) and Z (SG 14) [56] (Table I) . It is not obvious how these results are related to each other.
III. GLIDE-SYMMETRIC TOPOLOGICAL CRYSTALLINE INSULATORS FOR THE SPACE GROUP 13
In the present section, we consider the SG 13, which is realized by adding inversion symmetry to the SG 7.
As explained in Sec. II B, the SG 13 has twofold rotational symmetry, unlike the SG 14. Here we derive a new formula of the Z 2 topological invariant (Eq. (4)) for the SG 13. We then discuss how our new formula is related to symmetry-based indicators [59] and the topological invariants based on the K-theory [56] . To check our results, we establish models realizing the topological phases in the SG 13 based on the layer construction [63] .
A. Topological invariants for SG 13 We will show that in the SG 13, the Z 2 topological invariant for the glide symmetry ν (mod 2) is given in terms of the irreps at high-symmetry points. For simplicity, here we consider the spinless case. Then, later we obtain
where
is an eigenvalue of the two-fold rotation for the eigenstates in the glide-odd sector (g − ) at highsymmetry points Γ, Y, Z, and C. In the following we show this formula by calculating (−1) ν = e iπν from Eq. (4). By adding an inversionÎ = {I|0} around the origin to the SG 7, we obtain the SG 13. Then a two-fold rotational symmetry around the axis x = 0, z = 1/4
is also added to the symmetry operations. The key commutation relation between the glide operator and the two-fold rotational operator is given bŷ
The distribution of the Berry curvatures reflects the C 2 symmetry. We now rewrite the formula of the Z 2 topological invariant in Eq. (4) with the help of additional symmetries. First, the Berry curvature on the k z = −π plane in Eq. (4) satisfies
owing to the C 2 symmetry. This immediately leads to
Next, we address the Berry curvature on the glideinvariant planes k y = 0 and k y = π. Equation (12) indicates that the glide sector for wavefunctions within the glide-invariant planes is unchanged under theĈ 2 rotation. Therefore, the Berry curvatures F ± zx (k) on those planes have to be an even function of k x and k z ,
where k y is either 0 or π. Let us first consider the integral on the glide-invariant plane k y = 0. From Eq. (15), we get
where B ′ is a half of the region B given by −π ≤ k x < π, 0 ≤ k z < π. Note that the C 2 does not change the glide sector of the eigenstates within the k y = 0 plane and we have taken the gauge to be periodic along the k x direction. Therefore, by using the Stokes' theorem on the k y = 0 plane, we have
We have used the relation of the Branch cut γ
Similarly, the terms on the other glide-invariant plane k y = π is given by
We note that Eqs. (17) and (18) are gauge invariant. Consequently, from Eqs. (14), (17), and (18), we obtain a formula for the Z 2 topological invariant Eq. (4) as
where ζ − i (= ±1) is the C 2 eigenvalue of the i th occupied state in the glide-odd sector, and Γ, Y, Z and C are the high-symmetry points on the plane k z = 0 shown in Fig. 1 . To show this formula we used the properties of the sewing matrix as introduced in Ref. [11] and its details are explained in Appendix A.
Since the states with the C 2 -even eigenvalue (ζ i = +1) do not contribute to the nontrivial Z 2 topological invariant ν from Eq. (19), we have only to count the number of states with the C 2 -odd eigenvalue (ζ i = −1) at Γ, Y, Z and C on the k z = 0, in order to determine the value of ν. At the four high-symmetry points Γ, Y, Z, and C, the characters of the irreps are given by Table II . Therefore, an alternative expression for ν is
where N Bg is the number of occupied states at the highsymmetry point P with the irrep B g for the k-group of the SG 13. In this class of systems, the Chern number n Ch on the k x -k z plane, which is parallel to the glide plane, can be nonzero, since the TRS is not assumed here. As argued in Refs. [10, 11] , the Chern number on the k x -k z plane, which is perpendicular to theĈ 2 axis, is calculated in terms of C 2 eigenvalues up to modulo 2. On the k y = 0 plane, it is expressed as
where ζ i is the C 2 eigenvalue of the ith occupied state at the high-symmetry points, Γ, Y, B, and A on the k y = 0 plane shown in Fig. 1 . In the same manner, the Chern number on the k y = π plane is calculated from the product of C 2 eigenvalues at Z, C, D, and E, and, it is equal to n Ch calculated on the k y = 0 plane, since we have assumed a presence of the bulk gap. Otherwise, if the Chern numbers calculated at k y = 0 and at k y = π are not equal, there should be Weyl nodes between those two planes and the system is no longer an insulator [10] .
B. Symmetry-based indicators and K-theory
Let us compare our results with the results on the symmetry-based indicator theory in the previous work [59] . The symmetry-based indicator for the SG 13 is Z 2 × Z 2 [59] . Following Ref. [59] , we can show that one Z 2 means the Z 2 topological invariant ν for the glidesymmetric systems Eq (19) , and that the other Z 2 is the Chern number n Ch modulo 2 in Eq. (21) . Thus, when the inversion symmetry is present, ν and n Ch (mod 2) are both expressed in terms of irreps at high-symmetry points.
Let us discuss the relationship between the higherorder TI and these topological invariants. In a system with only inversion symmetry, obeying the SG 2 (P1), symmetry-based indicators are given by Z 4 × (Z 2 ) 3 [59] , where the three factors of Z 2 are weak indices for Chern insulators, while the factor of Z 4 corresponds to a strong index, counting the number of eigenstates below the Fermi energy having an odd parity. When Z 4 = 1 or Z 4 = 3, it means that Weyl nodes appear in the momentum space. The case with Z 4 = 2 corresponds to a higher-order TI, leading to an existence of 1D chiral hinge modes on the surface. In the present case of SG 13, by straightforward calculation using Eqs. (19) and (21) together with the compatibility relations for irreps, we can verify that ν + n Ch (mod 2) is one half of the Z 4 index. Namely, the Z 4 = 2 phase is equivalent to ν +n Ch = 1 (mod 2), i.e., ν +n Ch = (0, 1), (1, 0) (mod 2). Thus, the system with either of the Z 2 's in the SG 13 is nonzero is in the phase with Z 4 = 2. The topological phases in the SG 13 are thus related to a higher-order TI ensured by inversion symmetry and they exhibit 1D chiral hinge modes.
On the other hand, in the classification based on the K-theory [56] , the topological invariant given by the E 2,0 ∞ term expressing a topological invariant in terms of integrals of wavefunctions is the Chern number Z in the SG 13 (Table I) . We conclude that the topological phase characterized by the glide-Z 2 topological invariant is related to the higher-order TI with trivial weak indices (Z 4 ; Z 2 , Z 2 , Z 2 ) = (2; 0, 0, 0), while that by an odd value of the Chern number is (Z 4 ; Z 2 , Z 2 , Z 2 ) = (2; 1, 0, 0). This is among principle results of the present paper, and we check this scenario by constructing simple tightbinding models exhibiting topological phases in the following section.
C. Layer constructions for glide-and inversion-symmetric systems
We construct simple tight-binding models for the glidesymmetric Z 2 TCI and the Chern insulator phases in the SG 13 based on the layer construction proposed in Ref. [63] in order to examine our scenario. We show the outline of the calculations, and the details are presented in Appendix B.
We begin with the glide-symmetric Z 2 TCI phase. The glide-symmetric Z 2 TCI phase can be realized as an alternate stacking of two 2D Chern insulator layers with opposite signs of Chern numbers ±1. Suppose layers of a 2D Chern insulator with n Ch = +1 along the xy plane are placed at z = z 0 + n where n is an integer. Then, the glide symmetry requires presence of other layers of a 2D Chern insulator with n Ch = −1 at z = z 0 + n + 1/2, because the glide operation changes the sign of the Chern number. This model gives a nontrivial value of the Z 2
We now consider the case when the inversion symmetry is added. The inversion symmetry fixes the value of z 0 to be z 0 = 0, and the configuration allowed by symmetry is the one with the 2D Chern insulators on z = n with n Ch = +1 and on z = n + 1/2 with n Ch = −1, where n is an integer (Fig. 2(a) ). Therefore, a representative Hamiltonian for the glide-symmetric Z 2 TCI phase with additional inversion symmetry is obtained as
where σ and τ are Pauli matrices denoting the orbital and lattice degrees of freedom. We here set the Fermi energy to be E F = 0. Hence, the corresponding kdependent glide operator and the k-dependent inversion operator are
Here, the subscript τ meant the matrix for the lattice degrees of freedom. The Hamiltonian in Eq. (22) satisfies
and these operators satisfy the commutation relation
which is just a Bloch form forĜ yÎ =T zÎĜy . The Hamiltonian H LC ν is gapped unless m = ±2, 0. The gap closes at Γ when m = −2, at Y, Z when m = 0, and at C when m = 2. The Z 2 topological invariant is nontrivial (trivial) if 0 < |m| < 2 (|m| > 2).
The effective Hamiltonian at the four high-symmetry points P = (k x , k y , 0) (Γ, Y, Z and C) in Eq. (19) can be written as
The irreps of the occupied states are summarized in Table  III . The number of the B g irreps in the occupied bands is odd at m = −1.8 and the system is Z 2 nontrivial, whereas it is even at m = −2.2 and the system is Z 2 trivial. The parities at high-symmetry points at m = −1.8 are shown in Fig. 2(c) . Therefore, it is a higher-order TI with (Z 4 ; Z 2 , Z 2 , Z 2 ) = (2; 0, 0, 0) in the SG 2 shown in Ref. [64] . Thus, the glide-symmetric topological phase with the nontrivial Z 2 topological invariant at m = −1.8 is a higher-order TI in accordance with Sec. IIIA.
Next, we construct a model with a nontrivial Chern number. In this case, we simply stack a 2D Chern insulator with n Ch = +1 on the xz plane at y = y 0 + n with an integer n. When we add inversion symmetry with the inversion center lying on a glide plane, y 0 is set to be zero (Fig. 2(b) ). Therefore, we have a representative Hamiltonian
Here, in order to make the model consistent with the glide symmetry, the primitive translation vector along the z axis is taken as (0, 0, 1/2). Nonetheless, for the calculation of topological invariants from Eqs. (19) and (21) we should instead regard the primitive translation vector to be (0, 0, 1); namely we double the unit cell along the z direction. In this doubled unit cell, the Hamiltonian is rewritten as
where τ 0 is the identity matrix. The HamiltonianH
LC Ch
indeed satisfies the relations in Eqs. (25) and (26) under the corresponding operators given by Eqs. (23) and (24) . This model shows phase transitions at m = 0, ±2. For example, we focus on the transition at m = −2. It is a trivial insulator at m = −2.2 and a Chern insulator with n Ch = +1 at m = −1.8, as can be seen from Eq. (29) . Meanwhile, both m = −2.2 and m = −1.8, the Z 2 topological invariant (19) is trivial. Therefore, the HamiltonianH LC Ch realizes a topological phase with a nonzero Chern number but a trivial Z 2 topological invariant at m = −1.8 as we intuitively expected.
The parities at high-symmetry points in this model are shown in Fig. 2(d) . It gives the values of the symmetrybased indicators as (Z 4 ; Z 2 , Z 2 , Z 2 ) = (2; 0, 1, 0). It confirms our result in Sec. IIIA that the topological phases with an odd Chern number and a trivial glide-Z 2 topological invariant is related to a higher-order TI but they have a nonzero weak index. 
IV. GLIDE-SYMMETRIC TOPOLOGICAL CRYSTALLINE INSULATORS FOR THE SPACE GROUP 14
In this section, we consider the SG 14 which is realized by adding twofold screw symmetry to the SG 7 having glide symmetry only. We mostly follow the argument for the SG 13 in the previous section. Meanwhile, unlike the SG 13, the inversion center in the SG 14 is not within the glide plane, leading to the property that the glide sector on the k y = π plane changes by twofold screw rotation. This makes the calculation very different from that in the SG 13.
A. Topological invariants for SG 14
To begin with, we derive the Z 2 topological invariant in the SG 14 by adding the inversion symmetry to the SG 7. Here we consider the spinless case for simplicity. In this case, we consider glide and inversion symmetries,
with its inversion center at the origin. It means that the glide plane is y = 1/4, and it does not contain the inversion center, unlike that in the SG 13. Then we get twofold screw symmetrŷ
The commutation relation between the glide and the twofold screw operators is given bŷ
Below, we mainly follow the same spirit of the previous section to derive a formula of the Z 2 topological invariant for the SG 14. The symmetry-based indicator is Z 2 for the SG14 [59] . In the following, we show that the indicator Z 2 gives information on the combination of the glide Z 2 topological invariant and the Chern number. Its formula here we find reads
, (34) where ξ − i is an eigenvalue of the two-fold screw operation in the glide-odd sector at the high-symmetry points Γ, Y, D, and E. In the following we show this formula by calculating (−1) ν = e iπν with ν given by Eq. (4). In the derivation, we should pay attention to the glide sectors and the branch cut.
Let us start with the A term in Eq. (4) on the k z = −π plane. The Berry curvature on the xy plane with k z = −π should be an odd function of k x because of the S 2 screw symmetry. Therefore, we get
as similar to Eq. (14) in the SG 13.
On the k y = 0 plane, because S 2 merely behaves as C 2 , and it does not alter the glide sector, we have
which is the same as Eq. (17) on the SG13.
On the other hand, we confront a difference from the case of SG 13, when we evaluate the integral over the other glide-invariant plane k y = π. One cannot use the same trick as in the SG 13 because S 2 changes the glide sectors, leading to the relation
In the following we derive a new formula for the glide-Z 2 topological invariant in the SG 14. Due to this relation, we find that the integral of the Berry curvature for the glide-odd sector is a half of the integral of the total Berry curvature on the k y = π plane:
In the similar manner, noticing that exp −iγ
Characters of the irreps of the k-group of the SG 14 at D and E on the ky = π plane. This is obtained from the character table of C 2h with an additional phase factor for S2z and Gy.
we can rewrite the terms on the k y = π plane as
As a consequence, by combining Eqs. (35), (36) and (39), we recast the formula for the glide-Z 2 topological invariant into
where i∈occ ξ − i (P ) is the product of the S 2 eigenvalues over the occupied states for the glide-odd sector at the high-symmetry point P . An alternative expression is
Since the product of ξ − i in Eq. (41) is equal to ±1, the Chern number is found to be an even integer. Therefore, we have eventually shown that
. (42) This corresponds to the symmetry-based indicator Z 2 for the SG 14.
Thus the value of the symmetry-based indicator Z 2 for the SG 14 gives possible combinations of the value of the glide Z 2 topological invariant ν and that of the Chern number n Ch . Meanwhile, one cannot uniquely determine the values of these topological numbers, solely from the Z 2 symmetry-based indicator. Furthermore, we can show that both the glide-Z 2 topological phase and a Chern insulator with the Chern number equal to 4n + 2 (n: integer) correspond to higher-order TIs with Z 4 = 2, ensured by inversion symmetry. It corresponds to (Z 4 ; Z 2 , Z 2 , Z 2 ) = (2; 0, 0, 0) phase. On the other hand, the E 2,0 ∞ term of the K-theory classification [56] shows the Z topological invariant, i.e., the Chern number (Table I ). In the following section, we confirm these conclusions on the topological invariants by layer constructions. 
B. Layer constructions for glide-and inversion-symmetric systems
We can establish models with nontrivial topology via the layer construction similarly to that in Sec. III C. The details of the calculations are given in Appendix C. First, a Hamiltonian exhibiting a glide-symmetric Z 2 TCI is constructed by putting 2D Chern insulator layers with n Ch = +1 on the z = z 0 + n planes and those with n Ch = −1 on the z = z 0 + n + 1/2 planes, where n is an integer. Since this configuration becomes compatible with inversion symmetry by setting z 0 = 0 (Fig. 3(a) ), a representative Hamiltonian is given by
(43) The form of the Hamiltonian is the same as Eq. (22), whereas the corresponding glide and inversion operators in momentum space are taken as
Thus, we can see easily (46) which is Bloch form ofĜ yÎ =T −1
yT zÎĜy . As we mentioned in the previous section, the representative Hamiltonian H Table V . By calculating the S 2 eigenvalues at Γ, D, Y, and E, the value of the symmetry indicator in our new formula of Eq. (42) is −1 and is nontrivial. Since the Chern number should be 0 in this configuration, this nontrivial indicator is attributed to a nontrivial glide Z 2 topological invariant. Since this Z 2 topological phase corresponds to (Z 4 ; Z 2 , Z 2 , Z 2 ) = (2; 0, 0, 0) in the SG 2 by calculating the parities (Fig. 3(c) ), this model is also a higher-order TI ensured by inversion symmetry.
Next we construct a model in the Chern insulator phase. To make a model compatible with the inversion symmetry, we must put two 2D Chern insulator layers with n CN = +1 within the lattice constant i.e., along the xz plane at y = n and y = n + 1/2 (n : integer) because the inversion center does not lie on the glide plane ( Fig. 3(b) ). One can write down the model as
with the glide operator and the inversion operator given by Eqs. (44) and (45), respectively. The Hamiltonian H LC Ch closes its gap at m = 0, ±2, and phase transitions occur. We here focus on the transition at m = −2, when the gap closes at Γ, and the irreps at the both sides of the gap closing are given in Table V . Surprisingly, they are the same as the previous model with the Hamiltonain H LC ν for the glide-symmetric TCI (ν = 1, n Ch = 0) despite of the difference in the models. Because the Chern number for H LC Ch is obviously equal to two by construction, the glide-Z 2 topological invariant is zero in this model. Thus, the Chern insulator with the Chern number equal to 4n + 2 (n: integer) is also a higher-order TI ensured by inversion symmetry which has (Z 4 ; Z 2 , Z 2 , Z 2 ) = (2; 0, 0, 0) in the SG 2 [64] (Fig. 3(d) ).
The two models (43) and (47) give the same values for the symmetry-based indicator. This is natural from our result in (42) . From Eq. (42), the symmetry indicator is given by a combination of the glide-Z 2 topological invariant and the Chern number, and therefore, although the values of the glide-Z 2 topological invariant and the Chern number are different between the two models, the symmetry-based indicators are the same.
V. CONCLUSION
In this paper we study the fate of the glide-symmetric Z 2 topological invariant when the inversion symmetry is added. There are two ways to add inversion symmetry, leading to the SGs 13 and 14. In the SG 13, we derive the formula for the glide-symmetric Z 2 topological invariant, and found that it is expressed in terms of the irreps at high-symmetry points. The symmetry-based indicator is Z 2 × Z 2 , and one Z 2 is this glide-symmetric Z 2 topological invariant, while the other Z 2 is the Chern number modulo 2. On the other hand, in the SG 14, the symmetry-based indicator is Z 2 , and we show that this Z 2 is equal to the sum of the glide-symmetric Z 2 topological invariant and a half of the Chern number. Here we note that in this SG 14 the Chern number is always an even integer. It is interesting that the symmetry-based indicator gives a combination of two different topological invariants, while it does not uniquely determine the values of the individual topological invariants. We also construct tight-binding models with nontrivial values for the glide-Z 2 topological invariant and for the Chern number, both in the SGs 13 and 14 via layer construction, which confirms the above conclusions.
Furthermore, we show that both the glide-symmetric Z 2 TCI in the SG 13 with an even Chern number is a higher-order TI. In the SG 14, the glide-symmetric Z 2 TCI with the Chern number equal to an integer multiple of four is a higher-order TI. In the SG 14, the Chern insulator with the Chern number equal to 4n + 2 (n: integer) and the trivial glide-Z 2 topological invariant is also a higher-order TI. Nevertheless, in the Chern insulators the surface is gapless, and one cannot call the latter case in the SG 14 a higher-order TI in the strict sense because the gapless hinge states are always hidden behind the gapless surface states due to the nonzero Chern number.
In this paper, we have studied spinless systems. The formulas for the SGs 13 and 14 in spinful systems can be also derived in the same manner. In the absence of TRS, the main difference between the spinless and the spinful systems lies in the extra −1 factor in the commutation relations between the glide and twofold rotation/screw operations. At each of the high-symmetry points, when these operations commute, there are four 1D irreps, and when they anticommute, there is only one possible irrep, which is 2D. As a result of these facts, when the system is spinful, the formula for the glide-symmetric Z 2 topological invariant will be altered from the spinless case by a shift of wavevector along k z by π, i.e we should change the formula of the Z 2 toplogical invariants by interchanging the high-symmetry points as Γ ↔ B, Y ↔ A, Z ↔ D, and C ↔ E.
Our results will be useful for gaining insights for relating various topological phases. So far, various topological phases have been discovered by means of various methods, while their mutual relationships are not obvious in general. For example, we have shown that the glidesymmetric Z 2 TCI becomes the higher-order TI in the presence of the inversion symmetry, but such an equivalence is far from obvious from the known formula (4) . Because the glide symmetry is one of the fundamental symmetries in crystals, and it is contained in many space groups, the present study will provoke studies on relating various topological invariants in some space groups and those in their supergroups.
should be diagonal at such a high-symmetry point k i ,
where R m is the eigenvalue ofR for the mth band. Therefore, the determinant of w mn is given by the product of the eigenvalues of occupied eigenstates at k i ,
This quantity is gauge invariant because the determinant does not depend on the choice of basis. Apart from the Berry phase, we also define a path-ordered exponential of the Berry connection,
evaluated in the subspace of the occupied states, along the path from k 1 to k 2 not necessarily being a closed path. We can relate some formulas containing the Berry phase in the main text to rotation or screw eigenvalues, following Ref. [11] . As an example, here we show the detail of Eq. (19) . The path-ordered integral along Y ′ → Γ → Y can be rewritten in terms of the C 2 eigenvalues. Due to the C 2 symmetry,
where w − C2 (Γ) is the sewing matrix for the C 2 operator, restricted within the glide-odd subspace at the high-symmetry point P , and ζ − (P ) is the C 2 eigenvalue for the glide-odd sector at the high-symmetry point P .
. The twofold rotation is given by
Let us compute the indicator for −2 < m < 0. At high-symmetry points, the Hamiltonians and symmetry operators within the occupied states are shown in the following table. Here an overall positive coefficients are omitted for simplicity.
Therefore, the symmetry-based indicator becomes Let us compute the indicator for −2 < m < 0. The screw operation is
At the high-symmetry points, the Hamiltonians and the symmetry operators within the occupied states are
Note that the Hamiltonians at high-symmetry points are the same as the case of ν = 1, n Ch = 0. Therefore, the symmetry-based indicator is identical with the previous one: 
